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General Class of Tensegrity Structures: Topology
and Prestress Equilibrium Analysis

Darrell Williamson
University of Wollongong,Wollongong, New South Wales 2522, Australia
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University of California, San Diego, La Jolla, California 92093

A general class of tensegrity structures, consisting of both compression members, that is, bars, and tensile
members, that is, cables, is de� ned. For a given number N of bars, we de� ne the topological structure that is
necessary to establish a tensegrity. Necessary and suf� cient conditions for prestress mechanical equilibria of the
tensegrity are then provided in terms of a nonlinear function of the position and orientation of the bars and the
rest lengths of the cables.

I. Introduction

T HE word “tensegrity”is a contractionof the words tension and
integrity.A tensegritystructurewas looselyde� ned byFuller1;2

as a “structural relationship in which structural shape is guaranteed
by the interaction between a continuous network of members in
tension and a set of members in compression.” In Ref. 3, a more
scienti� c de� nition is offered: “A tensegrity system is a stable con-
nection of axially-loaded members. A class 1 tensegrity structure
is one in which only one compressive member is connected to any
node.” The compressive members are required to achieve stabil-
ity, and class 1 tensegrity structures have a continuous network of
members in tension and a discontinuous network of members in
compression. We shall refer to a compressive member as a bar and
a tension member as a cable.

Tensegrity structures are mechanically stable because of the way
in which the structures balance and distribute the mechanical stress
and not principallyas a result of the strength of the individual com-
ponents. The bars that make up the frameworks are connected into
particular con� gurations (triangles, pentagons, hexagons) and are
oriented so that each joint is constrained to a � xed position. An
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example of a class 1 tensegrity is the Needle Tower sculpture of
Kenneth Snelson that appears in the Krueller Mueller Museum, The
Netherlands.This categoryof tensegritystructureswas � rst invented
by Snelson, who was a student of Fuller. (See Kenneth Snelson’s
November 1990 message to R. Moto on the origins of tenseg-
rity at http://www.grunch.net/snelson/rmoto.html.) A class 2 tense-
grity structurehas more than one compressivemember connectedin
a ball joint (so as not to apply torque from one member to another)
to particular nodes.

Tensegrity structures have the property that, even before the ap-
plicationof any external load,members of the structuresare already
in compression or tension; that is, they are prestressed.The “rigid”
bars sustaincompressiveforces,whereas the “elastic”cables sustain
tensile forces when they “stretch” from their rest lengths. In fact,
it is this prestress that stabilizes the tensegrity structure. Examples
of tensegrity structures have been studied in mathematics, biology,
and engineering.Connelly and Back4 describe a class of tensegrity
structures to be in terms of � nite dimensional groups. Ingber5;6 has
used tensegrity structures to model cell biology. In engineering ap-
plications, tensegrity structures offer the possibilityof considerable
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versatility if sensors and actuators are incorporated into the cables
and bars. Furuya7 and Moto8 pointed out their versatility for space
applications.More recently,Skeltonet al.,3 Skeltonand Sultan,9 and
Sultan et al.10 have analyzed the statics and dynamics of particular
examples of the secondcategoryof tensegritystructures,which lays
the foundation for further studies and applications.

This paper is concernedwith the de� nition and analysis of a par-
ticular subclass of class 1 tensegrity structures, which we de� ne as
the .N ; SI P1; P2; : : : ; PM / subclass. This subclass has N bars that
form a discontinuous network and S cables that form a continuous
network. The structure is based on the conceptof a “stage” that, like
the Needle Tower, grows in “height”with the number of stages.The
de� ned subclass has M stages with Pk bars in the kth stage. Both
symmetric structures (where the number of bars per stage is con-
stant) and nonsymmetrical structures will be derived. Preliminary
results11;12 were reported earlier.

If an (N ; SI P1; P2; : : : ; PM ) tensegrity structure has N bars, its
external geometry is characterized by the 2N coordinates of the
“nodes,” or “ends,” of the bars. The resultingshape of the tensegrity
then depends on 1) the properties of the constituent components
(that is, on the lengths of the bars and the rest lengths of the cables),
2) the internal topology of how the bars and cables are connected
(that is, on the unit vectors that de� ne the orientation of the bars
and cables), and 3) on the existence of self-stress or pretension
(that is, on the stretched lengths of the cables) that is necessary
to provide rigidity for the structure. Because it will be shown that
material characteristics(in particular,Hookes’ Law) are required to
solve for internal forces, an .N ; SI P1; P2; : : : ; PM / tensegrity is an
example of an statically indeterminate structure.

In Sec. II, we begin by de� ning the topology of a one-stage (that
is, M D 1) tensegrity and then proceed to develop the topology of
multistage tensegrity structures. Structures are said to be symmet-
rical if the number of bars per stage is constant and are otherwise
said to be nonsymmetrical. The topology of both symmetrical and
nonsymmetrical structures are developed, and, in each case, the ca-
ble connections are speci� ed. The end of each bar can possibly be
connected by a cable to any one of the 2N ¡ 2 ends of the remain-
ing N ¡ 1 bars; that is, possible 2N ¡ 2 cables per node may be
required. In comparison, it is shown that an .N ; SI P1; P2; : : : ; PM /
structure only requires between three and four cables per node.

In Sec. III, we develop necessary and suf� cient conditions for
prestress mechanical equilibrium in the absence of external applied
forces. These conditions are expressed in terms of the solution of a
system of algebraic equations of the form Ap D 0 for a rectangular
matrix A. However, the determination of a solution is made more
dif� cult because the componentsof A depend in a nonlinearway on
the positionsof the end points of the bars, and all componentsof the
vector p must be positive. The paper � nishes with some concluding
remarks and directions for further research.

II. Topology
We now proceed to de� ne a general (N ; SI P1; P2; : : : ; PM ) class

of tensegrity structures consisting of N bars and S cables that are
arranged into M stages with Pk bars in the kth stage such that

MX

k D 1

Pk D N (1)

An .N D 2; S D 4I P1 D 2/ planarsingle-(that is, M D 1)stagestruc-
ture is illustrated in Fig. 1. In this structure, the bar 12 is of length
L12, and the bar 34 is of length L34 . The cables, or tensile elements,
are illustrated as springs.

As indicated in Fig. 1a, the structureis de� ned by � rst connecting
cables [1, 3], [2, 3], and [2, 4].Then a cable is connectedfromnode1
to node2 with midpoint4, and anothercable is connectedfrom node
3 to node 4 with midpoint 1. Finally, after connectingmidpoint 1 to
the end of stick 12 at node 1, and midpoint 4 to node 4, the closed
tensegrity in Fig. 1b results. Note that, in the intermediate stage
of Fig. 1a, there appears to be a total of seven cables. However,
once node 1 and midpoint 1 and node 4 and midpoint 4 are made
coincident, the number of cables reduces to S D 4. The resulting

a) b)

Fig. 1 Topology of (2, 4; 2) tensegrity.

a) b)

Fig. 2 Topology of (3, 9; 3) tensegrity.

structure is one stage (that is, M D 1) with P1 D N D 2, that is, a
(2, 4; 2) tensegrity.

For the (2, 4; 2) cable connectionmatrix, the resulting cable con-
nections [i; j ] that connect node pi to node p j in the (2, 4; 2)
structure are de� ned by

[1; 3]; [1; 4]; [2; 3]; [2; 4]

Note that the connections[2m ¡ 1; 2m] for m D 1; 2 de� ne the bars.

A. Single-Stage Structures
The planar (2, 4; 2) structure is a “trivial” .N; SI P1; P2; : : : ; PM/

tensegrity in the sense that it has no “volume” and the bars “touch”
(except in the mathematically ideal case where the bars have zero
thickness).The simplest three-dimensionaltopology is provided by
the one-stage .N D 3, S D 9; P1 D 3) tensegritywhose realization is
illustrated in Fig. 2.

To begin, � rst (as illustrated in Fig. 2a) take bars 12, 34, and
56 and connect the cables [1, 3], [2, 3], [2, 4], [3, 5], [4, 5], and
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[4, 6]. Then take another cable connecting node 5 to node 6 with
midpoint 1, and connect midpoint 1 to 1. Similarly, connect the
midpoint 6 of the cable that connects node 1 to node 2 to node 6.
This realizationresults in the three-dimensionalstructure illustrated
in Fig. 2b. Once again, as with the (2, 4; 2) structure,the number S of
cables is reduced during the realization process. That is, in Fig. 2a,
the structure � rst appears to have 10 cables, but the connection of
node 1 to midpoint 1 and node 6 to midpoint 6 reduces this number
to S D 9 cables. (The cables from node 6 to midpoint 1 and node 1
to midpoint 6 in Fig. 2a become identical in Fig. 2b.)

For the (3, 9; 3) cable connectionmatrix, cable connections[i; j ]
that connect node pi to node p j in the (3, 9; 3) structure are de� ned
by

[1; 3]; [1; 5]; [1; 6]; [2; 3]; [2; 4]; [2; 6]

[3; 5]; [4; 5]; [4; 6]

Note that the connections [2m ¡ 1; 2m] for m D 1; 2; 3 de� ne the
bars.

Next, topologicalequivalenceis explained,as follows.The actual
coordinates of the nodes of the bars will depend on the lengths
fL2m ¡ 1;2mI m D 1; 2g of the bars and the rest lengths f`0

pqg of the
cables. Consequently, an equivalence class of tensegrity structures
exists. Speci� cally, one .N ; SI P1; P2; : : : ; PM / structure is said to
be topologically equivalent to another structure if the � rst can be
derived from the second by means of either a continuous change in
the length of one or more bars, or a continuous change in the rest
length of one or more cables subject to the condition that all cable
tensions remain nonnegative and no bars remain in contact, that is,
no two bars share a common point.

Single-stage (M D 1) three-dimensional structures .N ; SI P1 D
N / for any value of N ¸ 3 may be similarly realized. The distin-
guishing feature of this equivalence class of tensegrity structures is
that both the base and the top form an N -sided polygon. For N D 3,
the base (top) as de� ned by the bar ends f2; 4; 6g, and the top (base)
as de� ned by the bar ends f1; 3; 5g form triangles. As illustrated
Fig. 3, the base (top) of the general N bar structure is formed by
the bar ends f2; 4; 6; : : : ; 2N g, whereas the top (base) is formed
by the bar ends f1; 3; 5; : : : ; 2N ¡ 1g. Also note that after initially
beginning with 3N C 1 cables, the three-dimensional closure that
occurs when midpoint 2N is connected to node 2N , and midpoint 1
is connected to node 1, results in only 3N cables. We summarize
this result as follows.

Theorem 1: The one-stage (M D 1) N bar tensegrity has a
.N ; S D 3N I P1 D N / structure. The bar ends that de� ne both the
base and top form an N -sided polygon. The 3N cable connections
are de� ned by the connection matrix:

[1; 2N ¡ 1]; [1; 2N ]; [2; 2N ]

For 1 · m · N ¡ 1

[2m C 1; 2m ¡ 1]; [2m C 1; 2m]; [2m C 2; 2m]

Note that the connections [2m ¡ 1; 2m] for 1 · m · N de� ne the
bars.

As with a (2, 4; 2) tensegrity, the actual coordinatesof the nodes
of the bars of an .N; 3N I N / tensegritystructurewill depend on the

Fig. 3 Planar topology of (N; 3N; N) tensegrity.

lengths fL2m ¡ 1;2m I 1 · m · N g of the N bars and the rest lengths
of the cables [p; q]. Once again, an equivalence class of tensegrity
structures can be de� ned by means of a continuous change in the
length of the bars or the rest lengths of the cables, subject to the
conditionsthat all cable tensions remain positive and no bars remain
in contact.

B. Two-Stage Structures
The simplest two-stage (that is, M D 2) structure is the

.N D 3; S D 9I P1 D 2; P2 D 1/ tensegrity illustrated in Fig. 4.
Stage 1 consists of bars 12 and 34, whereas stage 2 consists of
bar 56. The realization begins (as illustrated in Fig. 4a) by con-
necting cables [1, 5], [2, 5], [3, 5], and [3, 6]. Then, similar to the
realization of single-stage structures, midpoint 1 is connected to
node 1, midpoint 2 is connected to node 2, midpoint 4 is connected
to node4, and midpoint6 is connectedto node6, resultingin a three-
dimensionalstructure.Initially,in Fig. 3, thereappearto be12cables
that reduce to 9 after the connectionsof the various midpoints.

For the (3, 9; 2, 1) cable connection matrix, cable connections
[i; j ] that connect node pi to node p j are de� ned by

[1; 4]; [1; 5]; [1; 6]; [2; 3]; [2; 4]; [2; 5]

[3; 5]; [3; 6]; [4; 6]

When compared with the single-stage (3, 9; 3) structure (which
also has N D 3 bars and S D 9 cables), the (3, 9; 2, 1) structure can
be demonstrated after realization (by sticks and soft elastic bands)
to have a greater clockwise stiffness, in that if a clockwise torque
is applied to the top while the base is held � xed, then there is more
resistancefromthe (3, 9; 2, 1) structurethanfor the (3, 9; 3) structure.
That is, the different topologies of the (3, 9; 3) and the (3, 9; 2, 1)
tensegrity structures result in differentmechanical properties. [This
is not evident from the connection matrices of the two structures,
and the stiffness properties of .N ; SI P1; P2; : : : ; PM / tensegrities
are not the subject of this paper.]

The two-stage structures .N D 4; S D 14I P1 D 2; P2 D 2/, .N D
5; S D 18I P1 D 3; P2 D 2/, and .N D 6; S D 24; P1 D 3; P2 D 3/ are

Fig. 4 Planar topology of (3, 9; 2, 1) tensegrity.
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Fig. 5 Planar topology of (4, 14; 2, 2) tensegrity.

Fig. 6 Planar topology of (5, 18; 3, 2) tensegrity.

Fig. 7 Planar topology of (6, 24; 3, 3) tensegrity.

illustrated in Figs. 5–7, respectively. In the (4, 14; 2, 2) structure,
the 4 £ 4 D 16 initial cables are reduced to S D 14 cables after con-
nectionof midpoint 1 to node 1, midpoint 2 to node 2, midpoint 4 to
node4, midpoint6 to node6, and midpoint8 to node8. Similarly, the
(5, 18; 3, 2) structure is reduced from 5 £ 4 D 20 to S D 18 cables,
whereas the (6, 24; 3, 3) requires the full S D 6 £ 4 D 24 cables.

C. M-Stage Symmetrical Structures
Both the two-stage (4; 14; 2, 2) and the two-stage (6, 24; 3, 3)

structures are examples of symmetrical structures, in that in both
cases P1 D P2 . More generally, an .N ; SI P1; P2; : : : ; PM / tenseg-
rity structure is said to be symmetrical if it has the same number of
bars per stage, that is, for all k,

Pk D P

It follows that a symmetrical structure has N D MP bars. As de-
scribed later, a symmetrical .N; SI P1; P2; : : : ; PM / structure (ex-

cept in the trivial case when M D 1) has the maximum number of
four cables per bar.

Theorem2: A symmetrical.N D MP; SI P; P; : : : ; P/ tensegrity
structure with M > 1 stages has S cables where

S D
»

4N ¡ 2; P D 2

4N ; P ¸ 3

The cable connectionsfor the kth stagewhere 1 · k · M are de� ned
as follows.

For k D 1; P D 2,

[1; 4]; [1; 5]; [1; 7]; [1; 8]; [2; 3]; [2; 4]

[2; 5]; [3; 5]; [3; 6]; [3; 7]I [4; 7]
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and for k D 1; P ¸ 3,

[1; 2P]; [1; 2P C 1]; [1; 4P ¡ 1]; [1; 4P]

[2; 3]; [2; 4]; [2; 2P]; [2; 2P C 1]

For 1 · m · P ¡ 2,

[2m C 1; 2P C 2m ¡ 1]; [2m C 1; 2P C 2m]

[2m C 1; 2P C 2m C 1]; [2m C 2; 2m C 3]

[2m C 2; 2m C 4]; [2m C 2; 2P C 2m C 1]

[2P ¡ 1; 4P ¡ 3]; [2P ¡ 1; 4P ¡ 2]

[2P ¡ 1; 4P ¡ 1]; [2P; 4P ¡ 1]

For k D 2n < M ; 0 · m · P ¡ 2,

[.4n ¡ 2/P C 2m C 1; 4nP C 2m C 2]

[.4n ¡ 2/P C 2m C 2; 4nP C 2m C 2]

[.4n ¡ 2/P C 2m C 2; 4nP C 2m C 3]

[.4n ¡ 2/P C 2m C 2; 4nP C 2m C 4]

[4n P ¡ 1; .4n C 2/P]; [4nP; 4n P C 1]

[4n P; 4nP C 2]; [4n P; .4n C 2/P]

For k D 2n C 1 < M ,

[4n P C 1; .4n C 2/P C 1]; [4n P C 1; .6n C 2/P ¡ 1]

[4n P C 1; .6n C 2/P]; [4nP C 2; .4n C 2/P C 1]

For 1 · m · P ¡ 1,

[4n P C 2m C 1; .4n C 2/P C 2m ¡ 1]

[4nP C 2m C 1; .4n C 2/P C 2m]

[4n P C 2m C 1; .4n C 2/P C 2m C 1]

[4n P C 2m C 2; .4n C 2/P C 2m C 1]

For k D 2n D M ; P D 2,

[8n ¡ 3; 8n]; [8n ¡ 2; 8n ¡ 1]; [8n ¡ 2; 8n]

and for k D 2n D M ; P ¸ 3,

[.4n ¡ 2/P C 1; 4n P]; [.4n ¡ 2/P C 2; 4n P]

For 1 · m · P ¡ 1,

[.4n ¡ 2/P C 2m; .4n ¡ 2/P C 2m C 1]

[.4n ¡ 2/P C 2m; .4n ¡ 2/P C 2m C 2]

For k D 2n C 1 D M ; P D 2

[8n C 1; 8n C 3]; [8n C 1; 8n C 4]; [8n C 2; 8n C 3]

and for k D 2n C 1 D M ; P ¸ 3,

[4n P C 1; 4nP C 3]; [4nP C 1; .4n C 2/P ¡ 1]

[4nP C 1; .4n C 2/P]; [4nP C 2; 4n P C 3]

For 1 · m · P ¡ 2,

[4n P C 2m C 1; 4n P C 2m C 3]

[4n P C 2m C 2; 4n P C 2m C 3]

D. M-Stage Nonsymmetrical Structures
A nonsymmetrical.N; SI P1; P2; : : : ; PM / tensegritystructure is

one for which Pk 6D P` for some k and `. Nonsymmetrical structures
of N bars have less than 4N cables. For example, the (5, 18; 3, 2)
structure in Fig. 6 has S D 18 < 20.D4N / cables. The following
result gives both the precise number of cables for each structureand
provides conditions for the allowable number of bars Pk in stage k.

Theorem3: An .N ; SI P1; P2; : : : ; PM / tensegritystructureexists
when the following two conditions are satis� ed: First,

P1 > 1; Pk ¸ 1 for k ¸ 2

and when Pr D 1, then M D r . Second,

jPk C 1 ¡ Pk j D 1 for 1 · k · M ¡ 1

The number S of cables for all .N; SI P1; P2; : : : ; PM / structures
is bounded according to

3N · S · 4N

In particular, for symmetrical structures,

S D

8
<

:

3N ; M D 1; P ¸ 3

4N ¡ 2; M ¸ 2; P D 2

4N ; M ¸ 2; P ¸ 3

and for nonsymmetrical structures (and so M ¸ 2)

S D 4N ¡ L ; L D
MX

k D 1

`k

where

`1 D 1 if P1 D 2 or P2 D P1 ¡ 1

`k D 1 for 2 · k · M ¡ 1

if Pk D Pk ¡ 1 C 1 and Pk C 1 D Pk ¡ 1

`M D
»

1 if PM D 2 or PM D PM¡1 C 1

2 if PM D 1

An .N ; SI P1; P2; : : : ; PM / structure is equivalent to an
.N; SI Q1; Q2; : : : ; Q M / structure when

Pk D Q M C 1 ¡ k; 1 · k · M

The case when S D 3N is provided in Theorem 1, and the other
symmetrical cases are provided in Theorem 2. [A symmetrical
(6, 24; 3, 3) structure is illustrated in Fig. 7.] The proof of the result
for nonsymmetrical structures is by inspectionand realization.The
situation when `1 D 1 in Theorem 2 is illustrated by the (3, 9; 2, 1)
structure in Fig. 4, the (4, 14; 2, 2) structure in Fig. 5, and the (5,
18; 3, 2) structure in Fig. 6. The situation when `k D 1 for some
2 · k · M ¡ 1 is demonstrated by the (7, 25; 2, 3, 2) structure il-
lustrated in Fig. 8. The situation when `M D 1 is demonstrated by
the (4, 14; 2, 2) structure and the (5, 18; 2, 3) structure [which is
topologically equivalent to the (5, 18; 3, 2) structure] in Fig. 5.
The situation when `M D 2 is demonstrated by the (3, 9; 2, 1)
structure.

For a given number N of bars, Theorem 3 may be used to de-
termine all possible .N ; SI P1; P2; : : : ; PM / tensegrity structures.
For N D 3, the only structures are (3, 9; 3) and (3, 9; 2, 1). For the
nonsymmetrical structure (3, 9; 2, 1), we have, from Theorem 3,
that `1 D 1 and `2 D 2, and so S D 4 £ 3 ¡ 3 D 9. All possible struc-
tures for 3 · N · 10 are provided in Table 1. Note that even though
any number of additional cables may be added from any node to
any other node, such additional cables are unnecessary to maintain
stable equilibrium of the structure.

Two further ways in which Theorem 3 can be applied are detailed
as follows:



690 WILLIAMSON AND SKELTON

Fig. 8 Planar topology of (7, 25; 2, 3, 2) tensegrity.

Table 1 Tensegrity structures with 3 <– N <– 10 bars

Number
of struts Structures

3 (3, 9; 3), (3, 9; 2, 1)
4 (4, 12; 4), (4, 14; 2, 2)
5 (5, 15; 5), (5, 18; 3, 2)
6 (6, 18; 6), (6, 24; 3, 3), (6, 21; 3, 2, 1), (6, 22; 2, 2, 2)
7 (7, 21; 7), (7, 27; 4, 3), (7, 26; 3, 2, 2), (7; 24; 2, 2, 2, 1),

(7, 26; 2, 3, 2)
8 (8, 24; 8), (8, 32; 4, 4), (8, 31; 3, 3, 2), (8, 31; 3, 2, 3)
9 (9, 27; 9), (9, 35; 5, 4), (9, 35; 4, 3, 2), (9, 36; 3,3, 3),

(9, 33; 3, 2, 1)
10 (10, 30; 10), (10, 40; 5, 5), (10, 39; 4, 3, 3), (10, 38; 4, 3, 2, 1),

(10, 39; 3, 4, 3), (10, 38; 3, 2, 2, 3)

1) Consider the M D 10 stage (33, S; 3, 2, 3, 4, 5, 4, 3, 2, 3, 4)
structure. Then

`1 D `5 D `10 D 1; otherwise `k D 0

Hence, L D 3, and so S D 4N ¡ L D 129.
2)Considerthe M D 9 stage(22,S; 3,2, 2,2, 3,4, 3,2, 1)structure.

Then

`1 D `6 D 1; `9 D 2; otherwise `k D 0

Hence, L D 4, and so S D 4N ¡ L D 84.
As for the case of a symmetrical tensegrity structure, a recursive

algorithm can also be developed to de� ne the cable connections of
an M -stage nonsymmetrical tensegrity structure.

III. Prestress Equilibrium: Nonlinear
Algebraic Conditions

A tensegritystructure is said to be in mechanicalequilibriumif all
geometric constraints are consistent and all bars are in force equi-
librium. In this section, we derive necessary and suf� cient condi-
tions on the positionsf.xk; yk ; zk /I 1 · k · 2N g of the bar endpoints
(or nodes) so that an .N ; SI P1; P2; : : : ; PM / tensegrity structure is
in mechanical equilibrium.

From the preceding section on topology, all nodes are de� ned by
the ends of bars. In particular,them th bar is de� ned by the two nodes
f2m ¡ 1; 2mg. We say that the mth bar is strongly associated with
the two (neighboring) nodes f pm ; qm g if, in the “planar topology,”
the four nodes f2m ¡ 1; p; 2m; qg de� ne a “square.” For example,
in the (2, 4; 2) planar structure in Fig. 1a, bar 12 is strongly associ-
ated with nodes f3; 4g and bar 34 is strongly associated with nodes

f1; 2g. In the .N ; 3N I N / planar structure in Fig. 3, the m th bar for
2 · m · N ¡ 1 is strongly associatedwith nodes f2m ¡ 2; 2m C 1g,
whereas the � rst bar (that is, bar 12) is strongly associated with
nodes f2N; 3g, and the N th bar is strongly associated with nodes
f2N ¡ 2; 1g. The two nodes that are strongly associated with each
bar in multistage (that is, M > 1) structures,such as those in Figs. 7
and 8, are similarly de� ned. Based on this de� nition, we have the
following result.

Lemma 1: Consider an .N ; SI P1; P2; : : : ; PM / tensegrity struc-
ture in which the mth bar of length L2m ¡ 1;2m is de� ned by nodes
f2m ¡ 1; 2mg and is stronglyassociatedwith nodes f pm; qmg. Sup-
pose ft2m ¡ 1; t2m g are the resultant forces at nodes 2m ¡ 1 and 2m,
respectively. Also, suppose `pq > 0 is the length of the cable con-
nectingnode p to node q (when one exists), and ers is the unit vector
directedfromnode r to node s. Then the followingconditionsapply.

1) Geometrical consistency:

`pm ;2mepm ;2m ¡ `pm ;2m ¡ 1epm ;2m ¡ 1 D L2m ¡ 1;2m e2m ¡ 1;2m

`qm ;2meqm ;2m ¡ `qm ;2m ¡ 1eqm ;2m ¡ 1 D L2m ¡ 1;2m e2m ¡ 1;2m (2)

2) Force equilibrium in the absence of externally applied forces:

t2m ¡ 1 D °2m ¡ 1e2m ¡ 1;2m; t2m D ¡t2m ¡ 1 (3)

or, equivalently,

H2m ¡ 1;2m t2m ¡ 1 D 0; t2m D ¡t2m ¡ 1 (4)

where (with I the identity matrix)

H2m ¡ 1;2m D I ¡ e2m ¡ 1;2m eT
2m ¡ 1;2m ; °2m ¡ 1 D eT

2m ¡ 1;2m t2m ¡ 1

(5)

The conditions for geometrical consistency follow directly from
the geometry of the planar topology. To establish the condition for
force equilibrium, observe that in the absence of external forces,
the forces on each bar are only applied at two nodes of the bar.
Consequently, the force system on each bar de� nes a two-force
problem, which implies that both the resultant force t2m ¡ 1 at node
2m ¡ 1, and the resultant force t2m at node 2m, are directed along
the mth bar. Furthermore, because each bar is in force equilibrium,
t2m ¡ 1 C t2m D 0, which gives the result in Eq. (3). After taking the
inner product of both sides of Eq. (3) with e2m ¡ 1;2m , the expressions
for °2m ¡ 1 and H2m ¡ 1;2m in Eqs. (4) and (5) follow.
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The tension t pq in the cable [p; q] connecting node p to node q
can be expressed in the form

tpq D ® pqepq ; ®pq ¸ 0 (6)

where ®pq is the magnitude of the force (or cable force coef� cient),
and epq is a unit vector directed from node p to node q. Then,
assuming a linear force relationship in the cables, we have, from
Hookes’ Law, that ®pq in Eq. (6) is given by

®pq D k pq

¡
`pq ¡ `0

pq

¢
; `pq ¸ `0

pq ¸ 0 (7)

where kpq > 0 is the spring constant of the cable [p; q], and `0
pq is

the rest length of cable [p; q]. Because ®pq ¸ 0, the rest length `0
pq

must not be greater than the actual length `pq . (Mathemati-
cally ideal cables can have zero rest length and/or zero force.)

The force equilibrium conditions in Lemma 1 are only given
in terms of resultant forces. A complete description requires these
resultantforces to be expressed in terms of the unit cable vectors ers

and cable force coef� cients ®rs ¸ 0. We now proceed with this step
for the different tensegrity topologies. For this purpose, we adopt
the convention that the (vector) tension tk` in the cable connecting
node k to node ` is in the direction from node k to node `, which
implies

tk` D ¡t`k (8)

Consequently, when writing down the force equilibrium equations,
we only need to use cable tensions t pq for p < q.

A. Planar N = 2 Bar Tensegrity
Consider two possible (2, 4; 2) structures de� ned in the xy plane

where node k has coordinates.xk; yk/, with the correspondingforce
diagrams as illustrated in Fig. 9. We assume that the bars are ideal,
with zero thickness (they do not touch) so that the only forces that
are exerted on the system occur at nodes 1, 2, 3, and 4. Because
the force t1 D t13 C t14 in Fig. 9b is not directed along bar 12, we
concludethat the topology in Fig. 9b is not possible.An equilibrium
con� guration is only possible when the two bars cross over each
other (as in Fig. 9a).

1. Geometrical Consistency
From Fig. 9, the geometry is determined by the four unit vectors

fe13; e14; e23; e24g, the cable lengths f`13; `14; `23; `24g, and the bar
lengths fL12; L34g such that

`13e13 ¡ `23e23 D L12e12; `14e14 ¡ `24e24 D L12e12

¡`13e13 C `14e14 D L34e34; ¡`23e23 C `24e24 D L34e34 (9)

a) b)

Fig. 9 Force diagram for (2, 4; 2) tensegrity.

where the unit vector epq and the length `pq are given by

epq
4DD 1

` pq

µ
xp ¡ xq

yp ¡ yq

¶
; `pq

4D
p

.xp ¡ xq/2 C .yp ¡ yq/2

(10)
Now, from the � rst equation involving L34 and the two equations
involving L12

L34e34 D ¡fL12e12 C `23e23g C fL12e12 C `24e24g

D ¡`23e23 C `24e24

which is the last equation for L34 in Eqs. (9). That is, there are ac-
tually only three independentgeometric constraints in Eqs. (9). It is
clear in this planar case that, for any four vectors fe13; e14; e23; e24g,
of which at most two are parallel to one another, there exist ca-
ble and bar lengths f`i j > 0; Lmn > 0g that enable the geometrical
consistency constraints (9) to be satis� ed.

2. Force Equilibrium
From Lemma 1, the force balance equation on bar 12 is

H12t1 D 0; t1 C t2 D 0 (11)

where, from Fig. 9, the resultant force t1.t2/ applied at node 1
(node 2) is given by

t1 D t13 C t14; t2 D t23 C t24 (12)

Likewise, the force balance equation on bar 34 is

H34t3 D 0; t3 C t4 D 0 (13)

where the resultant force t3.t4/ applied at node 3 (node 4) using
Eq. (8) is given by

t3 D t31 C t32 D ¡t13 ¡ t23; t4 D t41 C t42 D ¡t14 ¡ t24 (14)

Note that t1 C t2 D 0 implies t3 C t4 D 0, and so there are actually
only three independentforce equilibriumequations in Eqs. (11) and
(13).

De� nition 1: Given any two p-dimensional vectors fv; wg with
their kth components given by vk and wk , respectively,we say that

0 < v < w (15)

if 0 < vk < wk for all 1 · k · p.
Clearly, cables with zero force coef� cient can either be added

to, or subtracted from, an equilibrium con� guration without effect-
ing the equilibrium state. We, therefore now seek only equilibrium
solutions in which all force coef� cients are strictly positive. From
Lemma 1, we have the following result.

Theorem 4: Consider a (2, 4; 2) tensegrity structurewith nodes 1,
2, 3, and 4, as illustrated in Fig. 9, in which node k has coordinates
.xk; yk/. De� ne the unit vectors epq by Eq. (10), and the cable vector
l and the cable coef� cient vector p by

lT D [`13 `14 `23 `24]; pT D [®13 ®14 ®23 ®24] (16)

Then the following hold:
1) The geometry determined by the six unit vectors

fe12; e13; e14; e23; e24; e34g is consistent if there exists a solution l
of the equation

Gl D b; l > 0 (17)

where the 6 £ 4 matrix G, and the six-vector b are given by

G D

2

4
e13 0 ¡e23 0

0 e14 0 ¡e24

¡e13 e14 0 0

3

5 ; b D

2

4
L12e12

L12e12

L34e34

3

5
(18)

2) The consistent geometry de� ned by Eqs. (16–18) is in force
equilibrium if and only if there exists a solution p of the equation

Ap D 0; p > 0 (19)
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where the 6 £ 4 matrix A is given by

A D

2

4
H12e13 H12e14 0 0

e13 e14 e23 e24

H34e13 0 H34e23 0

3

5 ;

H12 D I ¡ e12eT
12; H34 D I ¡ e34eT

34 (20)

The proof for part 1 follows directly from the geometry.To prove
part 2, assume there is a solution l > 0 of Eq. (17). Suppose Eq. (19)
hasa solutionp > 0. Then forceequilibriumis establishedwith force
coef� cient vectorp, and given f®pq > 0; ` pq > 0g, a cable rest length
`0

pq can always be chosen to satisfy Eq. (7). If any component®pq of
p is negative, then `pq > 0 implies that `0

pq > `pq , which is impos-
sible. This completes the proof. Note that if p1 > 0 is a solution of
Eq. (19), then so too is ¯p1 > 0 for any ¯ > 0. Scaling all of the cable
tensions (by adjusting ¯) does not change the shape of the tenseg-
rity, only the pretension. We now examine the force-equilibrium
conditions in more detail.

To begin, assume without any loss of generality that bar 12 is
oriented such that eT

12 D [¡1 0] with fx1 D y1 D 0I x2 > 0; y2 D 0g.
Then the � rst four rows of A in Eq. (20) are given by

µ
H12e13 H12e14 0 0

e13 e14 e23 e24

¶

D

2

664

0 0 0 0

¡y3=`13 ¡y4=`14 0 0

¡x3=`13 ¡x4=`14 .x2 ¡ x3/=`23 .x2 ¡ x4/=`24

¡y3=`13 ¡y4=`14 ¡y3=`13 ¡y4=`24

3

775

(21)

All solutions p > 0 of Eq. (19) are, therefore, of the form

pT D ¯[1 p2 p3 p4]; ¯ > 0

where

p2 D ¡
³

`14

`13

´³
y3

y4

´
; p3 D ¡

³
`13

`24

´³
y4

y3

´
p4

µ³
`13

`24

´³
y4

y3

´³
x2 ¡ x3

`23

´
¡

³
x2 ¡ x4

`24

´¶
p4

D
³

x4

`13

´³
y3

y4

´
¡

³
x3

`13

´

Consequently, we have the following results.
Corollary: Consider the (2, 4; 2) tensegrity structure as il-

lustrated in Fig. 9 where node k has coordinates .xk ; yk / with
fx1 D y1 D 0I x2 > 0; y2 D 0g, and the length of the cable [k; m] is
`km . Then the structure can be in force equilibrium with all positive
force coef� cients only if

y3 y4 < 0
µ³

`13

`24

´­­­­
y4

y3

­­­­

³
x2 ¡ x3

`23

´
C

³
x2 ¡ x4

`24

´¶µ³
x4

`13

´­­­­
y3

y4

­­­­

C
³

x3

`13

´¶
> 0 (22)

In particular, the following conditions must be met:
1) Suf� cient conditionsfor satisfactionof (3.22)are y3 y4 < 0 and

fx2 > x4 > 0I x2 ¸ x3 > 0g.
2) Force equilibrium can never exist for y3 y4 > 0 or

fx4 > x2 > 0I x3 > x2 > 0g.
3)Given y3 y4 < 0 and fx2 > x4 > 0I x3 ¸ x2 > 0g, a necessarycon-

dition for force equilibrium to exist is

jx2 ¡ x3j < .`23=`13/jy3=y4j.x2 ¡ x4/

If we examine Fig. 9 (with bar 12 reoriented to comply with the
assumptions in Corollary 1), we see that the condition y3 y4 < 0 im-
plies that the nodes3 and 4 can not be on the same side of bar 12, that
is, the con� guration in Fig. 9b can never de� ne a (2, 4; 2) tensegrity
structure in force equilibrium. This statement is a con� rmation of
the earlier observation that because the resultant forces t13 and t14 in
Fig. 9b do not point along bar 12, then this geometricallyconsistent
structure can not be in force equilibrium in the absence of external
forces.

B. Single-Stage Structures
We now consider conditions for mechanical equilibrium for the

.N; 3N I N / tensegrity structure.
Lemma 2:
1) The geometry of an .N; 3N I N / structure is determinedby the

unitvectorsfekn g with cable andbar lengths f`pq > 0; L2m ¡ 1;2m > 0g
for all p; q , and m constrained as follows:

`1;2N e1;2N ¡ `2;2N e2;2N D L1;2e1;2; `1;3e1;3 ¡ `2;3e2;3 D L1;2e1;2

¡`2N ¡ 2;2N ¡ 1e2N ¡ 2;2N ¡ 1 C `2N ¡ 2;2N e2N ¡ 2;2N

D L2N ¡ 1;2N e2N ¡ 1;2N

¡`1;2N ¡ 1e1;2N ¡ 1 C `1;2N e1;2N D L2N ¡ 1;2N e2N ¡ 1;2N (23)

and, for 2 · m · N ¡ 1,

¡`2m ;2m C 1e2m ;2m C 1 C `2m ¡ 1;2m C 1e2m ¡ 1;2m C 1

D L2m ¡ 1;2m e2m ¡ 1;2m

¡`2m ¡ 2;2me2m ¡ 2;2m ¡ `2m ¡ 2;2m ¡ 1e2m ¡ 2;2m ¡ 1

D L2m ¡ 1;2m e2m ¡ 1;2m (24)

2) The resultant forces ftm g are given by

t1 D t13 C t1;2N ¡ 1 C t1;2N ; t2 D t23 C t2;4 C t2;2N

t2N ¡ 1 D ¡t2N ¡ 3;2N ¡ 1 ¡ t2N ¡ 2;2N ¡ 1 ¡ t1;2N ¡ 1

t2N D ¡t1;2N ¡ t2;2N ¡ t2N ¡ 2;2N (25)

and, for 2 · m · N ¡ 1, by

t2m ¡ 1 D ¡t2m ¡ 3;2m¡1 ¡ t2m ¡ 2;2m ¡ 1 C t2m ¡ 1;2m C 1

t2m D ¡t2m ¡ 2;2m C t2m ;2m C 1 C t2m;2m C 2 (26)

De� nition 2: 1) De� ne the vectors p1 and p2N ¡ 1 by

pT
1 D [®13 ®1;2N ¡ 1 ®1;2N ®23 ®24 ®2;2N ]

pT
R D [®1;R ®R ¡ 2;R ®R ¡ 1;R ®1;R C 1 ®2;R C 1 ®R ¡ 1;R C 1]

R D 2N ¡ 1 (27)

and the vectors f pn I n D 2m ¡ 1I 2 · m · N ¡ 1g by

pT
n D [®n ¡ 2;n ®n ¡ 1;n ®n;n C 2 ®n ¡ 1;n C 1 ®n C 1;n C 2 ®n C 1;n C 3]

(28)

2) De� ne the vectors l1 and l2N ¡ 1 by

lT
1 D [`13 `1;2N ¡ 1 `1;2N `23 `24 `2;2N ]

lT
R D [`1;R `R ¡ 2;R `R ¡ 1;R `1;R C 1 `2;R C 1 `R ¡ 1;R C 1]

R D 2N ¡ 1 (29)

and the vectors fln I n D 2m ¡ 1I 2 · m · N ¡ 1g by

lT
n D [`n ¡ 2;n `n ¡ 1;n `n;n C 2 `n ¡ 1;n C 1 `n C 1;n C 2 `n C 1;n C 3]

(30)

From Eqs. (4), (6), (25), and (26), we then have the next result.
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Lemma 3: De� ne the matrices A1 and fAP I P D 2N ¡ 1g by

A1 D
µ

H12e13 H12e1;2N ¡ 1 H12e1;2N 0 0 0

e13 e1;2N ¡ 1 e1;2N e23 e24 e2;2N

¶

AP D
µ

HP;P C 1e1;P HP;P C 1eP ¡ 2;P HP;P C 1eP ¡ 1;P 0 0 0

e1;P eP ¡ 2;P eP ¡ 1;P e1;P C 1 e2;P C 1 eP ¡ 1;P C 1

¶
(31)

and fAkI k D 2m ¡ 1I 2 · m · N ¡ 1g by

Ak D
µ

Hk;k C 1ek ¡ 2;k Hk;k C 1ek ¡ 1;k ¡Hk;k C 1ek;k C 2 0 0 0

ek ¡ 2;k ek ¡ 1;k ¡ek;k C 2 ek ¡ 1;k C 1 ¡ek C 1;k C 2 ¡ek C 1;k C 3

¶

where H2m ¡ 1;2m is de� ned by Eq. (5).
Then, a necessaryconditionfor force equilibriumis the existence

of a solution p2m ¡ 1 of the equation

A2m ¡ 1p2m ¡ 1 D 0; p2m ¡ 1 > 0 (32)

These conditionsfor force equilibriumare coupled because compo-
nentsof p2m ¡ 1 and p2n ¡ 1 for m 6D n are not necessarilyindependent.
The degree of independence is expressed in the following result.

Lemma 4:
1) The vectors f p2r ¡ 1, p2s ¡ 1g have no components in common

exceptwhen fr D 1, s D N g and fr D m , s D m C 1; 2 · m · N ¡ 1g.
2) The vectors f p1 , p2N ¡ 1g have components f®1;2N ¡ 1 , ®1;2N ,

®2;2N g in common.
3) The vectors f p2m ¡ 1; p2m C 1g for 2 · m · N ¡ 1 have compo-

nents f®2m ¡ 1;2m C 1; ®2m;2m C 1; ®2m;2m C 2g in common.
This result motivates the following de� nition.

De� nition 3:
1) De� ne the 6N -dimensionalvector Qp to be the concatenationof

the six-dimensional vectors f p2m ¡ 1I 1 · m · N g in Eqs. (27) and
(28), that is,

Qp D
£
pT

1 pT
3 : : : pT

2N ¡ 3 pT
2N ¡ 1

¤T
(33)

Then de� ne the 3N -dimensional cable coef� cient vector p by pro-
gressing down the componentsof Qp and eliminatingany component
of Qp that already appears in p.

2) De� ne the 6N -dimensional vector Ql to be the concatenation
of the six-dimensionalvectors fl2m ¡ 1I 1 · m · N g in Eqs. (29) and
(30), that is,

Ql D
£
lT
1 lT

3 : : : lT
2N ¡ 3 lT

2N ¡ 1

¤T
(34)

Then de� ne the 3N -dimensional cable length vector l by progress-
ing down the components of Ql and eliminating any component of Ql
that already appears in l.

Note that the � rst six components in Qp (or Ql) are given by the
components of p1 (or l1), and that by the time we progress to p2N ¡ 1

(or l2N ¡ 1) in Qp (or Ql), all components of p2N ¡ 1 (or l2N ¡ 1) will have
already been included in p (or l). For example, when N D 4, we
have, from Eq. (33), that

QpT D
£
pT

1 pT
3 pT

5 pT
7

¤

where, from Eqs. (27) and (28)

pT
1 D [®13 ®17 ®18 ®23 ®24 ®28]

pT
3 D [®13 ®23 ®35 ®24 ®45 ®46]

pT
5 D [®35 ®45 ®57 ®46 ®67 ®68]

pT
7 D [®17 ®57 ®67 ®18 ®28 ®68]

Then, the corresponding.3ND/12-dimensionalvectorp is givenby

pT D
£
pT

1 ; ®35; ®45; ®46; ®57; ®67; ®68

¤
(35)

We now have the following result.
Theorem 5: Consider a .N ; 3N I N / tensegrity structure

in which the 2N endpoints have coordinates f[xm ym zm ];
m D 1; 2; : : : ; 2N g. De� ne the cable length vector l and the cable
coef� cient vector p as in De� nition 3. Then the following hold:

1) The geometrydeterminedby the unit vectors fekng is consistent
if there exists a solution l of the equation

Gl D b; l > 0 (36)

where

b D
£
L12eT

12 L12eT
12 : : : L2N ¡ 1;2N eT

2N ¡ 1;2N L2N ¡ 1;2N eT
2N ¡ 1;2N

¤T

for some 6N £ 3N matrix G de� ned from Eqs. (23) and (24),which
is a function of only the cable unit vectors fekng.

2) The consistent geometry de� ned by Eq. (36) is in force equi-
librium if and only if there exists a vector p of the equation

Ap D 0; p > 0 (37)

for some 6N £ 3N matrix A de� ned from Eq. (32) for
m D 1; 2; : : : ; N , which is a function of only the cable and bar unit
vectors fekng.

For example, consider the (3, 9; 3) tensegrity illustratedin Fig. 2.
Then N D 3 and the .3ND/ 9-dimensional vector p is given by

p D [®13 ®15 ®16 ®23 ®24 ®26 ®35 ®45 ®46]
T

the corresponding18 £ 9 matrix G in Eq. (36) is given by

G D

2

66666664

0 0 e16 0 0 ¡e26 0 0 0

e13 0 0 ¡e23 0 0 0 0 0

0 0 0 ¡e23 e24 0 0 0 0

0 0 0 0 0 0 e35 ¡e45 0

0 0 0 0 0 0 0 ¡e45 e46

0 ¡e15 e16 0 0 0 0 0 0

3

77777775

and the corresponding18 £ 9 matrix A in Eq. (37) is given by

A D
2

66666664

H12e13 H12e15 H12e16 0 0 0 0 0 0

e13 e15 e16 e23 e24 e26 0 0 0

H34e13 0 0 H34e23 0 0 ¡H34e35 0 0

e13 0 0 e23 e24 0 ¡e35 ¡e45 ¡e46

0 H56e15 0 0 0 0 H56e35 H56e45 0

0 e15 e16 0 0 e26 e35 e45 e46

3

77777775

The algebraic results presented in Theorem 5 for the one-stage
.N; 3N I N / tensegrity structure can be extended to the case of
both M -stage symmetrical and nonsymmetrical structures based on
the corresponding cable length vector l and the cable coef� cient
vector p.
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IV. Conclusions
This paper has de� ned the subclass .N ; SI P1; P2; : : : ; PM / of

class 1 tensegritysystems that (for N ¸ 3) was de� ned topologically
as a three-dimensionalclosure of a two-dimensionallattice con� gu-
ration.The existenceas a valid tensegritysystem was inferredby the
construction procedure. This subclass is characterized by N com-
pressive elements (called bars), S tensile elements (called cables),
and M stages with Pk bars per stage. The bars form a discontinu-
ous network in compression,whereas the cables form a continuous
network in tension. The Needle Tower sculpture of Snelson (which
has inspired the last 50 years of interest in tensegrity systems) is
a symmetrical .N D MP; S D 4MPI P; P; : : : ; P/ structurewith M
stages.

The subclass .N ; SI P1; P2; : : : ; PM / includes both symmetrical
and nonsymmetricalstructures,but the permitted numberof bars Pk

in stage k can only either increase or decrease by one with respect
to the number of bars Pk ¡ 1 in the preceding stage. Speci� c results
quanti� ed this constraint, and established that the number of cables
S required for the structure averaged between three and four per
node. The minimum number of three was required for a single-
stage structure,whereas the maximum number of four was required
for a symmetrical M.>1/-stage structure.

Mechanical equilibrium of a tensegrity structure required both
geometricalconsistencyand force-equilibriumconditions to be sat-
is� ed. Geometrical consistencywas shown to be equivalent to � nd-
ing a solution l > 0 of a system of equations Gl D b, where G is a
rectangularmatrix that is a functionof the unit vectors of the cables,
and b is a vector that is a function of the unit vectors and the lengths
of thebars.Given sucha solutionl > 0, force equilibriumwas shown
to be equivalent to � nding a solution p > 0 of a system of equations
Ap D 0, where A is a rectangular matrix that is a function of the
unit vectors of the cables and bars. Hence, not only must A have a
nontrivial null space, but, in addition, there must be a vector in this
null space that has all positive components.This latter condition is
dif� cult to establish from both an analytical and a computational
point of view, and more explicit necessary and suf� cient conditions
for mechanical equilibrium are under investigation.

The dimensionof thenullspaceofA for a tensegrityin mechanical
equilibriumis also of interestbecause this propertyhas implications
on the conditions for mechanical prestress. If the null space of A
has dimension one, then all tensions can only be scaled in propor-

tion by adjusting ®. However, if the null space of A has dimension
greater than one, then other tension patterns are possible. For ex-
ample, one may be interested in choosing a solution p > 0 such that
the stiffness characteristicsof the structure in a particular direction
are maximized subject to a given geometry and given cable spring
constants. The stiffness characteristics of tensegrity structures are
under investigation.
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